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S u p e r c r i t i c a l  wing technology i s  expec ted  to  have  a  s ign i f i -  
can t  i n f luence  on the  next  genera t ion  of  commercial a i r c r a f t .  
Computational fluid dynamics i s  playing a c e n t r a l  role i n  t h e  
development of new s u p e r c r i t i c a l  wing sec t ions .  One o f  t he  p r in -  
c i p a l  t o o l s  i s  a f a s t  and reliable code t h a t  s i m u l a t e s  t w o -  
dimensional wind tunnel data for  t ransonic  f low at  high Reynolds  
numbers.  This i s  used widely by indus t ry  to  a s ses s  d rag  c reep  and 
drag rise. Codes for t h e  d e s i g n  o f  s h o c k l e s s  a i r f o i l s  by t h e  
hodograph method have not been so w e l l  received because they 
usua l ly  requi re  a lot of trial and e r r o r .  However, a more advanc- 
ed mathematical approach makes it p o s s i b l e  t o  a s s i g n  t h e  p re s su re  
a s  a func t ion  of  the  arc l eng th  and then  obta in  a shockless  air-  
f o i l  t h a t  n e a r l y  a c h i e v e s  t h e  g i v e n  d i s t r i b u t i o n  o f  p r e s s u r e .  
T h i s  too l  should  enable  engineers  to  des ign  families o f  t r anson ic  
a i r f o i l s  more e a s i l y  b o t h  for  a i r p l a n e  wings and for compressor 
b lades  in  cascade .  
INTRODUCTION 
There a r e  p l a n s  t o  u s e  t h e  s u p e r c r i t i c a l  wing on the  nex t  
generat ion of commercial a i r c r a f t  so as t o  economize on f u e l  
consumption by reducing drag. Computer codes have  served w e l l  i n  
meeting the consequent demand f o r  new wing sec t ions .  One of t h e  
most widely adopted codes w a s  developed a t  the  Couran t  In s t i t u t e  
to  s imula te  two-dimens iona l  t ransonic  f low over  an  a i r fo i l  a t  high 
Reynolds numbers (ref. 1) . This  work i s  an example of t h e  p o s s i b i l -  
i t y  o f  r e p l a c i n g  wind tunnel  tests by computat ional  f luid 
dynamics.  Another  approach t o  t h e  s u p e r c r i t i c a l  wing i s  through 
s h o c k l e s s  a i r f o i l s .  Here a novel  boundary  value  problem i n  the 
hodograph plane w i l l  be  d iscussed  tha t  enables  one  t o  design a 
s h o c k l e s s  a i r f o i l  so t h a t  i t s  p res su re  d i s t r ibu t ion  ve ry  nea r ly  
takes  on data t h a t  have been prescribed. An advanced design code 
of th i s  k ind  has  been  wr i t t en  r ecen t ly  by David. Korn and is tu rn ing  
o u t  t o  be so s u c c e s s f u l  t h a t  it may u l t ima te ly  ga in  the  same 
acceptance as t h e  b e t t e r  e s t a b l i s h e d  a n a l y s i s  code. 
*Work supported by NASA under Grants NGR 33-016-167 and 
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Phys ica l ly  real is t ic  t r anson ic  f l o w  computations can be based 
on a poten t ia l  equat ion  tha t  presupposes  conserva t ion  of  en t ropy  
across shock waves, bu t  permi ts  a jump i n  t h e  normal component of 
momentum. However, t o  treat  e i the r  t he  p rob lem of design or  o'f 
a n a l y s i s  f o r  t r a n s o n i c  a i r f o i l s  i n  a s a t i s f a c t o r y  way from t h e  
engineer ing  poin t  of view, it is necessary t o  t ake  in to  accoun t  
t h e  e f f e c t  of the   tu rbulen t   boundary   l ayer .  The s imples tp roce -  
dure is t o  c a l c u l a t e  the displacement thickness of the boundary 
l a y e r  from the  inv i sc id  p re s su re  d i s t r ibu t ion  by  a momentum i n t e -  
g r a l  method of Nash and Macdonald (ref.2).  For analysis  one adds 
the  d isp lacement  th ickness  to  t h e  p r o f i l e  a t  each cycle  of  an 
i t e r a t i v e  scheme determining  the  f low.   In   the case of   design a 
corresponding quant i ty  i s  sub t r ac t ed  from the  a i r f o i l  c o o r d i n a t e s ,  
which therefore  have t o  be provided with a s l i g h t l y  open t r a i l i n g  
edge to  begin wi th .  
l e m  of design i f  t h e r e  is t o  be no loss of l i f t  i n  p r a c t i c e .  This  
can be accomplished by imposing a p r e s s u r e  d i s t r i b u t i o n  a t  t h e  
rear of the upper  surface t ha t  jus t  avoids  separa t ion  accord ing  t o  
a c r i t e r i o n  of S t r a t f o r d  (ref. 3 ) .  The boundary layer  correct ion 
has been found to  g i v e  s a t i s f a c t o r y  r e s u l t s  e v e n  when i t s  imple- 
mentation only involves a p r imi t ive  model of the wake i n  which 
pressure  forces balance across  a p a r a l l e l  p a i r  o f  t r a i l i n g  stream- 
l ines .   Extens ive  wind tunnel  tests from l a b o r a t o r i e s  a l l  over  
t h e  world confirm tha t  t h e  a n a l y s i s  code agrees  w e l l  w i t h  experi-  
mental  data  when the  boundary  layer  cor rec t ion  i s  made. Prelimin- 
a r y  test data  on a cascade a i r f o i l  t h a t  was heavi ly  a f t - loaded  
a l so  in sp i r e  conf idence  in  the  concep t  of using a S t r a t fo rd  p re s -  
s u r e  d i s t r i b u t i o n  to  avoid loss of l i f t  i n  d e s i g n  by the hodograph 
method. 
It is  important t o  e l i m i n a t e  s e p a r a t i o n  e n t i r e l y  i n  t h e  p r o b -  
The transonic flow codes developed a t  t h e  Courant I n s t i t u t e  
have  been  d is t r ibu ted  to  indus t ry  by the Langley Research Cen te r .  
I n  t h e  fu tu re  they  w i l l  a l s o  become ava i lab le  through t h e  Argonne 
Code Center of t h e  Argonne National Laboratory. 
THE METHOD O F  COMPLEX CHARACTERISTICS 
The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  for the  v e l o c i t y  p o t e n t i a l  
Cp and stream funct ion  $'of two-dimensional i r ro t a t iona l  f l ow o f  a 
compress ib l e  f lu id  can  be  wr i t t en  in  terms of c h a r a c t e r i s t i c  
coord ina tes  5 and T-I i n  the canonical form 
@ r l  
= -i $-" 1 - M  @rl /p  , 
where t h e  local Mach number M and t h e  d e n s i t y  p are func t ions  of  
the speed q def ined  by Bernou l l i ' s  l a w .  A f a s t  and f l e x i b l e  
numerical scheme for the  cons t ruc t ion  of  smooth t r anson ic  f lows  in  
t h e  hodograph plane has been developed by continuing these equa- 
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tions  analytically  into  the  domain of complex  values of the t w o  
independent  variables 5 and 17 (ref. 4 ) .  The  coordinates 5 and rl 
can  be  specified  in  terms  of  the  speed q and  the  flow  angle 8 by 
the  formulas 
where f is  any  complex  analytic function. Prescription 
ond  arbitrary  analytic  function g  serves  to  determine @ 
solutions of the  characteristic initial  value  problem 
+ i0 , 
of a  sec- 
and JI as 
where E o  = ;io is  a  fixed  point  in  the  complex  plane.  With  these 
conventions  -it  turns  out  that $ ( S , q )  = $ (:,E), whence  for  sub- 
sonic  flow  the  real  hodograph  plane  corresponds  to  points  in  the 
complex  domain  where 5 = n .  
Consider  the  nonlinear  boundary  value  problem of designing 
an  airfoil  on  which  the  speed q has  been  assigned  as  a  function 
of the  arc  length s .  To  construct  a  solution  it  is  helpful  to 
view  f  as  a  function  mapping  the  region of flow  onto  the  unit 
circle 151 .c 1. There  both  log f and g have  natural  expansions 
as  power  series  in 5 after  appropriate  singularities  accounting 
for  the  flow  at  infinity  have  been  subtracted  off.  The  coeffici- 
ents  of  truncations  of  these  series  can  be  determined  by  inter- 
polating  to  meet  boundary  conditions  on q and + at  equally 
spaced  points  of  the  circumference 151 = 1. Such  a  numerical 
solution  is  easily  calculated  because  the  matrix of the  system  of 
linear  equations  for  the  coefficients  is  well  conditioned.  This 
analytical  procedure  has  the  advantage  that  its  formulation  can 
be  extended  to  the  case of transonic  flow so as  to  yield  a  shock- 
less  airfoil  nearly  fitting  the  prescribed  data  even  when  an 
exact solution.of the  physical  problem  does  not  exist. 
To  calculate  transonic  flows  by  the  method  that  has  been 
proposed,  it  is  necessary  to  circumvent  the  sonic  locus M = 1, 
which  becomes  a  singularity of the  partial  differential  equations 
for @ and $ in  canonical  form.  In  the  plane 5 = n this  locus - 
separates  the  region of subsonic  flow  from  a  domain  where J 1 ( 5 , S )  
is  no  longer  real.  In  the  latter  domain  it s necessary  to 
extend  in  some  empirical  fashion  the  relationship  between @ and
tion  of  the  boundary  conditions  that  applies  to  both  the  subsonic 
and  the  supersonic  flow  regimes i given  by  the  formulas 
Re  {log f(5) 1 = h , Re I q ( 5 , f )  1 + k Im { J , ( E , Z ) )  = 0 
- 
, s that  is  imposed  by  assigning q as  a  function of s .  A formula- 
i 
1 on 151 = 1, where k is  a  real  constant  and h is a function of 
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Re { $ ( c , f ) }  obta ined  from t h e  known r e l a t i o n s h i p s  among s ,  q and @. The n o n l i n e a r i t y  of the problem makes it necessa ry  to  i terate 
on t h i s  r e l a t i o n s h i p  i n  f i n d i n g  a numerical  solut ion.  
Empirical  data on  the  condi t ion  number of the  mat r ix  for t h e  
l inear  equat ions  de te rmining  the  power series c o e f f i c i e n t s  o f  t h e  
a n a l y t i c  f u n c t i o n  g i n d i c a t e  t h a t  t h e  boundary value problem for 
I) that  has been formulated i s  well posed even i n  t h e  t r a n s o n i c  
case. I n  c o n t r a s t  w i t h  t h e  Tricomi problem,  boundary  values are 
assigned  around  the  whole  circumference of t h e  u n i t  circle.  The 
success of the procedure can be a t t r i b u t e d  t o  the  fact  t h a t  data 
are a s s igned  in  a s u i t a b l e  complex ex tens ion  o f  t he  r ea l  p l ane .  
I n  g e n e r a l  l i m i t i n g  l i n e s  may appea r  i n  the  phys ica l  p l ane ,  
bu t  it has been found that these can be suppressed by appropr ia te  
s e l e c t i o n  o f  t h e  r u l e s  d e f i n i n g  t h e  func t ion  h and t h e  real  para- 
meter k t ha t  o c c u r  i n  t h e  s p e c i f i c a t i o n  o f  t h e  boundary condi- 
t i o n s .  Thus a t o o l  becomes a v a i l a b l e  f o r  the cons t ruc t ion  of  
s u p e r c r i t i c a l  wing s e c t i o n s  from their  p r e s s u r e  d i s t r i b u t i o n s .  
F i g u r e  1 shows an example of a s h o c k l e s s  a i r f o i l  t h a t  was obtained 
t h i s  way, toge ther  wi th  i t s  Mach lines.   Observe t h a t  t h e  i n p u t  
p r e s s u r e   c o e f f i c i e n t  C p  differs somewhat from t h e  values  
ca l cu la t ed  a s  ou tpu t  of t h e  flow i n  t h e  supersonic zone, which i s  
r a t h e r  l a r g e .  The d a t a  t h a t  were assigned are based  on a modifi- 
ca t ion  of  the  exper imenta l  p ressure  d is t r ibu t ion  on Whitcomb's 
o r i g i n a l  s u p e r c r i t i c a l  wing ( ref .  5)  shown i n  Figure 2 .  
son ic   a i r fo i l s   i n   ca scade .   Th i s  model seems t o  of fer   cons ider -  
ab le  promise  for  improvement i n  t h e  e f f i c i e n c y  o f  c e r t a i n  s t a g e s  
of  high  speed  compressors. However, t o  handle  cascades of high 
s o l i d i t y  w i t h  adequate  reso lu t ion  it i s  d e s i r a b l e  t o  r e p l a c e  a 
conformal mapping onto the unit circle 161 < 1 by t h e  mapping 
on to  an  e l l i p se ,  where t h e  Tchebycheff polynomials become prefer -  
able t o  powers of < for  expansion of  t h e  ana ly t i c  func t ions  
log  f and g. Likewise ,  t o  ach ieve  adequa te  r e so lu t ion  a t  t he  
t r a i l i n g  edge in   cases   of   heavy  af t - loading it i s  h e l p f u l  t o  
i n s e r t  a s p e c i a l  t e r m  a t  t h e  t a i l   i n  t h e  r ep resen ta t ion  of t h e  map 
funct ion f .  
The .des ign  code has  been  wr i t ten  to  inc lude  the  case  of  t ran-  
The new code r e p r e s e n t s  a major advance over what was 
a c h i e v e d  i n  e a r l i e r  v e r s i o n s ,  whose use  r equ i r ed  excess ive  t r i a l  
and e r r o r  (ref. 4 )  . A typ ica l  run  takes  about  s ix  minutes  on t h e  
CDC 6600 computer.  Closure  of t h e  a i r f o i l  i s  r e a d i l y  a t t a i n e d  by 
a d j u s t i n g  t h e  p r e s s u r e  a t  t h e  t r a i l i n g  edge and t h e  r e l a t i v e  
l eng ths  of arc over  the upper and lower surfaces between the 
s t agna t ion  po in t  and t h e  t r a i l i n g  e d g e .  A g e n e r a l  p r i n c i p l e  t o  
be observed when u s i n g  s h o c k l e s s  a i r f o i l s  t o  d e s i g n  s u p e r c r i t i c a l  
wing s e c t i o n s  i s  tha t  drag  c reep  can  be reduced by diminishing t h e  
s i z e  of the supersonic zone of flow, especial ly  toward t h e  r ea r  o f  
t h e  p r o f i l e .  I n  p r a c t i c e  the best way t o  assess the  performance 
of a new design i s  t o  r u n  it through t h e  analysis  code,  which w i l l  
be discussed next.  
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ESTIMATION OF THE DRAG 
Analysis of t h e  t r a n s o n i c  f l o w  pas t  an  a i r fo i l  can  be  based  
on a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  for the  v e l o c i t y  p o t e n t i a l  4. 
Weak so lu t ions  model l ing  shock waves are ca l cu la t ed  by adding 
a r t i f i c i a l  v i s c o s i t y .  This  can be accomplished w i t h  a f u l l  con- 
servat ion form (FCF) of  the  equat ion ,  bu t  a s impler  vers ion  not  
i n   conse rva t ion  f o r m  (NCF) i s  sometimes more u s e f u l  ( r e f .  1) . To 
handle the boundary conditions it is  convenient t o  map the  reg ion  
of f l o w  conformally onto the e x t e r i o r  o f  the  u n i t  circle.  If r 
and 8 s t and  for  polar coord ina tes  there, the  quas i l i nea r  equa t ion  
f o r  4 can be w r i t t e n  as 
a % e  + 2b @ e r  + @rr + d = O  
when a r t i f i c i a l  v i s c o s i t y  i s  omitted.  The simplest way of 
introducing a r t i f i c i a l  v iscos i ty  numer ica l ly ,  sugges ted  first by 
Murman .and Cole i n  a fundamental  paper (ref.  6 ) ,  i s  t o  u s e  f i n i t e  
d i f fe rence  approximat ions  tha t  a re  re ta rded  in  t h e  d i r e c t i o n  of 
t h e  flow, which for  prac t ica l  purposes  can  be taken as t h e  direc- 
t i o n  of 8 .  This  does not  per turb the Neumann boundary  condition 
on 9. 
The f in i t e  d i f f e rence  equa t ions  fo r  t r anson ic  f low can  be 
s o l v e d  i t e r a t i v e l y  by a v a r i e t y  of r e l a x a t i o n  schemes, a l l  Oi 
which t ake  t h e  form of marching processes w i t h  respect t o  an a r t i -  
f i c i a l  t i m e  parameter.  Antony  Jameson  has  found t h a t  t h e  rate of 
convergence can be acce le ra t ed  by s u b s t i t u t i n g  a f a s t  s o l v e r  o v e r  
the subsonic flow region between every f e w  cyc les  of  re laxa t ion  
(ref.  7 ) .  Such a procedure has been programmed  by Frances  Bauer 
using fas t  Fourier  t ransform w i t h  r e s p e c t  t o  t he  p e r i o d i c  v a r i a b l e  
8. T h i s  reduces t h e  c a l c u l a t i o n  t i m e  by a f a c t o r  of three even 
when a boundary  layer  cor rec t ion  i s  inc luded  in  t he  computation. 
A standard run of her a i r f o i l  code now takes less than  three min- 
u t e s  on the  CDC 6600 computer.  
Detailed comparisons w i t h  experimental  data show t h a t  t h e  
NCF t r a n s o n i c  e q u a t i o n  g i v e s  s i g n i f i c a n t l y  better s imula t ion  of 
shock wave-boundary l a y e r  i n t e r a c t i o n  t h a n  does t h e  FCF equat ion,  
e s p e c i a l l y  i n  cases w i t h  a shock a t  t he  rear of the  p r o f i l e  where 
the  turbulent  boundary layer  i s  r e l a t i v e l y  th i ck .  I t  would  appear 
t ha t  the NCF method leads t o  less radical g r a d i e n t s  i n  the pres- 
sure behind t h e  shock, which is c o n s i s t e n t  w i t h  t h e  observa t ions .  
The NCF and experimental speeds both t end  t o  jump down b a r e l y  
below the  speed of sound  behind a shock. Figure 2 shows the kind 
of agreement between theoretical and test data t h a t  i s  usua l ly  
seen. Wall effect i s  accounted for by running the computer code 
a t  t he  same l i f t  c o e f f i c i e n t  CL t h a t  occurs  in  the  exper iment .  
Because of e r roneous  pos i t ive  terms i n  t h e  a r t i f i c i a l  viscos- 
i t y ,  the shock jumps def ined  by the NCF method crea.te mass i n s t e a d  
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of conserving it. However, t h e  amount of mass produced i s  only  of 
the  o rde r  of magnitude of the  square  of the  shock  s t r eng th  fo r  
nea r ly  sonic flow. The r e s u l t i n g  errors are t h e r e f o r e  n e g l i g i b l e  
except  for t h e i r  effect on t h e  c a l c u l a t i o n  of t h e  wave drag, which 
has  the  order  of 'magnitude  of  the  cube of t h e  shock  strength.  A 
correct estimate of the drag can be obtained from NCF computations 
by working with the path-independent momentum i n t e g r a l  
where p and c* s tand for  the pressure and the c r i t i ca l  speed, 
r e spec t ive ly .  The integrand  has  been  arranged so t h a t  across a 
normal shock wave p a r a l l e l  to  the  y-ax is  it jumps by an amount of 
t h e  t h i r d  order i n  t h e  shock  s t rength.   Therefore   integrat ion 
around the shocks gives a reasonable measure of the wave drag 
even when mass i s  not conserved. 
de f ine  a s t anda rd  in t eg ra l  o f  t he  p re s su re  the re ,  bu t  a co r rec t ion  
term evaluated over  a l a r g e  circle should be added because of a 
s i n k  a t  i n f i n i t y  a c c o u n t i n g  f o r  t h e  mass generated by t h e  NCF 
method. L e t  R, p and q, denote   the chord l eng th  of t h e   a i r f o i l ,  
t h e  d e n s i t y  a t  i n ? i n i t y  and the speed a t  i n f i n i t y ,  r e s p e c t i v e l y .  
The corrected formula for the wave d r a g  c o e f f i c i e n t  CDw becomes 
The pa th  of  in tegra t ion  can  be  deformed onto  the  prof i le  to  
where t h e  first i n t e g r a l  i s  extended over  the prof i le  and t h e  
second integral  i s  extended over a l a r g e  circle s e p a r a t i n g  t h e  
p r o f i l e  from i n f i n i t y .  I n  F i g u r e  3 a comparison i s  presented 
between experimental ,  corrected NCF, uncorrected NCF and FCF 
values  of t h e  t o t a l  d r a g  c o e f f i c i e n t  C f o r  a s h o c k l e s s  a i r f o i l  
t e s t e d  a t  Reynolds number R = 2 0 x 1 0  by Jerzy Kacprzinski  a t  t h e  
Nat iona l  Aeronaut ica l  Es tab l i shment  in  O t t a w a .  The cor rec ted  drag  
formula i s  seen  to  g ive  a f a i r l y  reliable assessment of the per- 
formance  of  the  a i r fo i l .  
w e l l  wi th  exper imenta l  da ta  r igh t  up t o  t h e  o n s e t  of b u f f e t .  
Shock l o c a t i o n s  are predicted with remarkable accuracy over a wide 
range of condi t ions,  a l though some improvement would be d e s i r a b l e  
a t  lower Reynolds numbers where t r a n s i t i o n  becomes important.  Thus 
t h e  a n a l y s i s  code has  been  adequate ly  va l ida ted  for  s imula t ion  of  
experimental data i n  two-dimensional  flow.  In  particular, i t  
models t h e  t r a i l i n g  e d g e  i n  a s a t i s f a c t o r y  way even for  heavi ly  
a f t - l o a d e d  a i r f o i l s .  It is  t h e r e f o r e  of some i n t e r e s t  t h a t  t h e  
code predicts  no loss of  l i f t  f o r  a i r f o i l s  d e s i g n e d  by t h e  hodo- 
graph method when a S t r a t f o r d  d i s t r i b u t i o n  i s  used t o  e l imina te  
separat ion  completely  over   the  whole  prof i le .  It would neverthe- 
less b e  d e s i r a b l e  to conf i rm th is  resu l t  exper imenta l ly  by  fur ther  
There are examples where the results of t h e  NCF code agree 
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testing of shockless  airfoils  such  as the  one  shown  in  Figure 1. 
transonic flow. The progress  in  supercritical  wing technology 
should be extended to cascades of airfoils and flows in turbo- 
machinery. For  the  immediate future, the most challenging problem 
is  analysis of  the flow  past wing-body cornbinations modelling an 
airplane in  three dimensions. As  a first step  it  would  seem that 
the  NCF  equation for a velocity potential furnishes the most 
feasible mathematical formulation. Perhaps  the  Bateman variation- 
al principle  asserting  that  the volume integral of  the pressure is 
a stationary functional  of  the velocity potential, applied in  the 
context of the finite element method, offers the best prospect of 
deriving convenient  difference equations, provided artificial 
viscosity can  be added successfully. 
There is need for more research on computational  methods for 
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Figure 1.- Modification of Whitcomb wing at M = 0.78, CL = 0 . 4 7 .  
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Figure  2.- Whitcomb wing a t  M = 0.78, CL = 0.58. 
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Figure 3.-  Drag p o l a r  f o r  t r a n s o n i c  a i r f o i l  a t  M = 0.76. 
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